Discrete Structuren)

Hertentamen [, 200%

The problems are to be solved within 3 hrs.
The use of supporting material (books, notes, calculators) is not allowed.

In each problem you can obtain 10 points, i.e. 100 in total. Your partial result for the first 5
problems may be replaced by your grade in the midterm exam {x5), provided the grade was > 5.5.

Some useful hints:
¢  Really read these hints, o
o  Give precise arguments for all your answers.
* You can write in English or Dutch, but in any case use a readable font!
¢ Counterexamples prove that a statement i3 not true,
but positive examples do not prove general validity.
» If you refer to the hand-out sheet, numbers of implicaiions ete. are sufficient.

jury

. Prove that the following proposition

(p—r) o (r—q) = (pVr)) _ >

" is a tautology. Use the form of an annotated linear proof (geannotecrd lineair bewijs).

[~

. Prove (by cases) that |z +y| < |z| + |y| for z,y € R.

n(n+ 1)(11; +2)

3 for ne N

. . n
. Prove by (infinite) mathematical induction: Ei(i +1) =
=0

e

4. Give an explicit expression for the sequernice s,, defined by

g = 1
g1 = 1
8n = 28p_14+28,3 forn>2

5

(a) Let s(n) (n € IN) be a sequence. Define the meaning of 3(n) = O(n) and of s(n) = (n).
(b) Are the following statemens true or false? (Give precise arguments!)

= 0(") 2™ =e(n)




6. Let the relation ~ on IV be defined by: m ~ n if and only if 5| (m ~n) (i.e. 5 divides m —n}.
Show explicitly that ~ satisfies the properties of an equivalence relation, What are the equivalence
classes of ~7

7 . ) : S
(a) Show that the proposition
' [Bzp@)] A [3g(=)) — 32 (p(@) A g()]

is not a tautolog;y You can cIo this by glvmg examples for p(z) and g(z) for which the proposition
“ig false. -+ - .

(b) Show that the proposition

Bz:Vy p(:c,y) — V::Ely P( a'y)

isnota tautology Agam it is sufficient to show that the proposition is false for a particular p( z,y).

8. Let A be the Boolean matrix

A
o= OO
oo oo
b—l-l-‘l—‘l--

(a) Calculate A * A .
(b) Is the relation corresponding to A transitive? Explain your answerl

(c) Which matrices represent the symmetric closure, the reflective closure, and the transitive
closure of the relation corresponding to A 7

9. After having graduated you have been hired by a manufacturer of computer hardware. Your
first task is to specify a scheme for the serial number of a new product. You decide on using
alphanumerical characters, i.e. the 26 capital letters and the 10 digits.

Your company does not expect to manufacture more then 1000000000 (i.e. 10%) of these devices.
Out of how many alphanumerical characters should the serial number consist, such that there will
be a unique serial number for each manufactured device and the serial number of each device is
as short as possible?

You should not give the result as a number; it is sufficient to provide an analytic expression, e.g.
exp|12] instead of 162754.7914....

10. :
(a) How many edges are there in a complete graph with n = 11 vertices?

(b) How many edges are there in a binary rooted tree with n = 23 vertices?

(c) How many edges are there in a ternary rooted tree with n = 23 vertices?




1. ~—pe=p double negation
2a. {pVq)<=(q v p)

b. pAg) = (gnp)

- (pegle= (g = p)

3a. {(pVa) vrie[pv(gvr)] }

commutative laws

b. [lpAq) A rl<=sfpA(gA r)] associative laws ..__...,_.____, ,l_ﬁ-,m e e

4a. pV(gAr)e=[pVg)ApVr)
sb- ([f) AlgVr)j<=((pAg) Vv (pAr)] } disteibutive laws 16. p==(pVg) addition
a. \") = . . .
b (p /\ig <=>; } idempotent laws 17. (pAg)=p simplification
6a. (pV0)e=p 18. (p—0)=-p ' absurdity
b. (pvl)e=1 o 19. [pA(p—qg)]=>¢ modus ponens
c. (PAO)<=0 identity laws! : 20. [(p— q) A=g]=>-p modus tollens
d. (pA1 P .
. ' v Je=p 21. [(pvVglA-pj=>¢ disjunctive syllogism
a. - ) _
b. (i,\.“g:é | 22, p=lg—(pAg)
8a. ~(pV g) 4= (~p A g) 23. [pognr(ger)=(per) tramsitivity of «
b. =(p A g) = (~p v —q) ' 24. [(p—=gin(g—~ri={p—r) transitivity of — or
c. (pVg)e=-(-pA ~q) DeMorgan laws hypothetical syllogism
9 : b. (p—g)=>[(pAr)—(gAT)]
P g (—g — -p) contrapositive c. pmg=g—r)—(p—-7)]
10a. (p — q) — (-—;p \V q) ' 26a [(p
Lo - - analr—s)=Ipvr)—>(gvs)] wve di
b. (p— g) <= (pA—g) .} implication b. [(p— @) Alr — 8] = [(pAT) — (gA )] constructive dilemmas
Ha. (pva) = (-p - ) 27a. [(p— q) A {r ~ )] == [(~qV —8) = (~p V] -
b. (pAgq) = =(p — ~q) _ b. [(p— @) A{r — 8)] == [(~g A ) = {~p A —r)] } destructive dilemmas

12a. [(p-—rr)/\(q—;r)]:p.[(pv Y= r
b (b= DA ()] s fp e YA

1B. perge=lp-anrig— i ' '
14. {(pAg) a2l edulvalence : 28a. -1 <=0 0-1-wetten
. g) = rle=[p— (g 1)) exportation law y b, -0«=1
15. p~ @)= {(pA~q) ~ 0] reductio ad absurdum ' ' ' N
29a. (pA(pVgq)) &> p absorptie
b. (pVvipAg))<=p '




EVE < (VIE
{(NA<=AAA

EA <= AE

E<FA

(z)bzE v (T)d zE = ((z)b v (T)d)2E "4
((2)b A (2)A)%A = (z)b A A (2D A "ugE

(A'z)dap ip < (Az)dAATE  "ig

() =g = (v)dzA 98

rsatyeopdomay

(weBzol a7} -A +=> E-
(weB1op () “E += A-

(z)dezp = (z)dzE- °q
(z)d 2 <= (2)d zp- e

(dut fua joru x) ()b zp vd <= ((z)bvd)zg 'q
(d ur fua ot x)  (T)b A Ad &= ((T)D Ad)zA epE

(A 1240 1309NqQUISIP E) EAE 4==> (A)e
(v 840 313oNqQUISIP A) AV A <= (V)A

- BurpessIMIOre sy
a[eqeLIeA Uapuoqed ueA UIWAOUIGIDY

alyedyNIemy azo]

()b 7E A (z)d 2E <= ()b A (2)d)2E  *q
(z)b zp v (z)d zA = ((2)b v (z)d)zA ege

(f'z)d zg A <= (A'z)dfigzE -q
(Ax)d Tp fip < (A'z)dApzp  eZe

(A)d g &= (z}dzg 'q
(A)dfip <= (F)dzp  -etg

(d ut fua o x) dzg = d -eq
(dutfuajerux) dzp<>d -vgg

tsaryuareAnbg



